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Abstract
Modeling a nonlinear anisotropic magnetodielectric medium with
spatial-temporal dispersion by two continuum collections of three di-
mensional harmonic oscillators, a fully canonical quantization of the
electromagnetic field is demonstrated in the presence of such a medium.
Some coupling tensors of various ranks are introduced that couple the
magnetodielectric medium with the electromagnetic field. The polar-
ization and magnetization fields of the medium are defined in terms
of the coupling tensors and the oscillators modeling the medium. The
electric and magnetic susceptibility tensors of the medium are ob-
tained in terms of the coupling tensors. It is shown that the electric
field satisfy an integral equation in frequency domain. The integral
equation is solved by an iteration method and the electric field is found





The quantum features of the electromagnetic field can be influenced by the
magnetodielectric media. For example the Casimir effect [1] - [10] and the
spontaneous emission rate of an initially excited atom [11]-[14] are modified
in the presence of magnetodielectric media. There is a canonical quantiza-
tion approach for the macroscopic electromagnetic field in a linear absorbing
dielectric based on the damped polarization model[15]. In this scheme the
electric polarization field of the medium is appeared in the Lagrangian of the
total system as a part of the degrees of freedom of the medium. The other
parts of the degrees of freedom of the absorbing dielectric are related to the
dynamical variables of a reservoir coupled to the polarization field in order
to inclusion the absorption property of the medium. The Hamiltonian of the
total system is diagonalized in two steps. The first step is diagonalization
of the polarization-reservoir part and the second step is diagonalization of
the total Hamiltonian. This method has been generalized to inhomogeneous
dielectrics [16]and anisotropic magnetodielectric media [17].
There is a new fully canonical quantization of the electromagnetic field in the
presence of linear absorbing anisotropic magnetodielectric media in which the
medium is modeled by two continuum collections of three dimensional space
dependent harmonic oscillators[18],[19]. One of the collection describes the
electric property and the another collection explains the magnetic property
of the magnetodielectric medium. In contrast to the damped polarization
model it is not needed the electric and magnetic polarization fields to be
appeared in the Lagrangian of the total system. The two collections of the
harmonic oscillators solely constitute the degrees of freedom of the medium.
In fact the space dependent harmonic oscillators are able to describe both
absorption and polarization properties of the medium. This means that in
this approach the electric and magnetic polarization fields are defined in
terms of the harmonic oscillators modeling the medium and the coupling
tensors which couple the medium and electromagnetic field. Among the ad-
vantages of this approach is that this approach dose not need the processes
of the diagonalization of the Hamiltonians of the different parts of the total
system and is simply generalizable to the nonlinear anisotropic magnetodi-
electric medium with spatial-temporal dispersion. The aim of the present
work is generalization of the mentioned scheme for a nonlinear anisotropic
magnetodielectric medium with spatial-temporal dispersion. The canonical
quantization of a three dimensional system in the presence of a nonlinear
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anisotropic absorbing environment has been done previously and the effect
of nonlinearity of the environment on the spontaneous emission of an initially
excited two level atom has been investigated[20]
2 The Lagrangian of the total system
Modeling the nonlinear anisotropic magnetodielectric medium by two con-
tinuum collections three dimensional harmonic oscillators, the Lagrangian of
the total system, that is the electromagnetic field plus the magnetodielectric
medium, is introduced as the sum of three parts
L(t) = Lem(t) + Lres(t) + Lint(t) (1)
The first part is the Lagrangian of the electromagnetic field which as usual













where E = − ~∇ϕ− ∂A
∂t
and B = ∇×A and A, ϕ are respectively the vector
and scalar potential which constitute the dynamical variables related to of
the electromagnetic field. The second part in (1) is the Lagrangian of the
magnetodielectric medium. If we denote the two continuum collections of
three dimensional harmonic oscillators modeling the medium by Xω(r, t) and































It will be shown that the two collections Xω(r, t) and Yω(r, t) describe, re-
spectively, the electric and magnetic properties of the medium. That is the
electric polarization field of the medium is defined in terms ofXω(r, t) and the
magnetic polarization field of the medium is expressed in terms of Yω(r, t).
The third term in (1) is the interaction part of the electromagnetic field and
the magnetodielectric medium that for a nonlinear anisotropic medium with
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(r3, t)] + ...
(4)
where the tensors f (1), f (2), f (3), ... and g(1), g(2), g(3), ... are the coupling ten-
sors between the electromagnetic field and the nonlinear magnetodielectric
medium. These coupling tensors play an important role in this quantization
approach. It will be shown that the electric polarization field is obtained
in terms of the coupling tensors f (1), f (2), f (3), ... and the harmonic oscillators
Xω(r, t). Also the electric susceptibilities tensors of the medium are expressed
in terms of the coupling tensors f (1), f (2), f (3), .... Therefore these tensors are
an indication for the ability of the polarization of the medium. Similarly
the magnetic polarization field of the magnetodielectric medium is defined
in terms of the coupling tensors g(1), g(2), g(3), ... and the harmonic oscilla-
tors Yω(r, t). As well the magnetic susceptibility tensors of the medium are
written in terms of the coupling tensors g(1), g(2), g(3), ... and therefore these
tensors explain the ability of magnetization of the medium. The Lagrangian
(1)-(4) is a nonlocal one and there is some problems for a canonical quan-
tization using this Lagrangian. The easiest way to overcome the difficulties
related to a nonlocal Lagrangian is to work in the reciprocal space. There-
fore we write the classical fields and the coupling tensors appeared in the
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Lagrangian (1)-(4) in terms of their spatial fourier transforms. For example









Similarly the components of the coupling tensors f (n) and g(n) can be written



































(ω1, ..., ωn,k,k1, ...,kn)e
ik·r−ik1·r1−...−ikn·rn
(6)
Since the fields appeared in Lagrangian (1)-(4)are real valued , we have
Xω(k, t) = X
∗
ω(k, t) (7)
for the field Xω(r, t) and the other fields in the Lagrangian (1)-(4). Similar
relations for the real valued coupling tensors f (n) and g(n) are as follows
f (n)
ii1...in
(ω1, ..., ωn,k,k1, ...,kn) = (f
(n))∗ii1...in(ω1, ..., ωn,−k,−k1, ...,−kn)
g(n)
ii1...in
(ω1, ..., ωn,k,k1, ...,kn) = (g
(n))∗ii1...in(ω1, ..., ωn,−k,−k1, ...,−kn)
(8)
Because of the relations (7) and (8) the independent dynamical variables can
be taken into account by restricting the integration domain to the half space
kz ≥ 0 in the reciprocal space. Substituting the real valued fields and the
coupling tensors f (n) and g(n) in the total Lagrangian (1)-(4) by their Fourier
transforms and using the relation (7) for Xω(r, t), and similar relations for





























































































































































































































































































d3k denote the integration over the half space kz ≥ 0 and E(k, t) =
−A˙(k, t) − ikϕ(k, t) and B(k, t) = ik × A(k, t).In the Lagrangian (9) the
three points ... indicate the other terms which are dependent on the coupling
tensors more than the third rank. Hereafter we apply the symbols
∫ ′
d3k and∫
d3k for the integration over the half spacekz ≥ 0 and integration over the
total reciprocal space, respectively.
3 Classical Euler-Lagrange equations
The Lagrangian (9) does not involve the space derivatives of the dynamical
variables and one can easily obtain the classical Euler-Lagrange equations
for the Fourier transforms of the fields appeared in the Lagrangian of the
total system. The classical Euler-Lagrange equation for the scalar potential










⇒ −ε0ik · A˙(k, t) + ε0k











= 0 i = 1, 2, 3
⇒ µ0ε0A¨(k, t) + µ0ε0ikϕ˙(k, t)− k× (k×A(k, t))
= µ0P˙(k, t) + iµ0k×M(k, t)
(11)
where P(k, t) andM(k, t) are the Fourier transforms of the electric and mag-
netic polarization densities of the nonlinear magnetodielectric medium, re-
spectively. The components of the polarization densities are defined in terms
of the coupling tensors f (n), g(n) and the the harmonic oscillators modeling
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the medium as
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(13)
4 Canonical quantization
In order to quantize the electromagnetic field canonically, one should be
eliminated the extra degrees of freedom from the total Lagrangian (9). For
this purpose we apply the coulomb gauge and eliminate the scalar potential
ϕ(k, t) from the total Lagrangian using the equation (10). In reciprocal space
the coulomb gauge is in the form k · A = 0. Applying the coulomb gauge
and using the equation (10) one can obtain the spatial Fourier transform of
the scalar potential as
ϕ(~k, t) = −
ı~k · ~P (~k, t)
ε0k2
(14)
Let ekλ, λ = 1, 2 and ek3 = kˆ =
k
k
be three mutual orthogonal unit vectors
for each vector k. Then from the coulomb gauge k ·A = 0, we are admissible










~k, t), λ = 1, 2 are the new dynamical variables of electromagnetic
field. Also we introduce the new dynamical variables Xωλ(k, t) and Y ωλ(k, t)
for the nonlinear magnetodielectric medium as the coefficients of the expan-
sion of the fields Xω(k, t) andYω(k, t) in terms of the orthogonal unit vectors
















Substituting the scalar potential ϕ(k, t) from (14) in the Lagrangian (9)and
using the expansions (15) and (16), one can rewrite the Lagrangian of the












2 + |Y˙ ωλ|









































where the polarization densities P(k, t),M(k, t) have previously been defined
in the relations (12) and (13). The relation (17) give us the Lagrangian of the
total system in which the extra degrees of freedom have been eliminated and
can be used for a canonical quantization of the electromagnetic field together
with the nonlinear anisotropic magnetodielectric medium. The canonical
conjugate momenta of the total system for any vector k in the half space
9































) = Y˙ ωλ(~k, t) (18)
Now, following the standard way for a canonical quantization, we impose the
following commutation relations between the conjugate dynamical variables
of the total system[
A∗λ(
~k, t) , −Dλ′(
~k′, t)
]
= ı~δλλ′δ(~k − ~k′)[
X∗ωλ(




= ı~δλλ′δ(ω − ω
′)δ(~k − ~k′)[
Y ∗ωλ(
~k, t) , Πω′λ′(
~k′, t)
]
= ı~δλλ′δ(ω − ω
′)δ(~k − ~k′)
(19)















































Using the definitions of conjugate momenta given in (18), the Hamiltonian














































|2 + ω2| Xωλ|
2 + | Πωλ|




It can be easily shown that the Heisenberg equation forAλ(k, t), λ = 1, 2 leads
to the relation D(k, t) = ε0E(k, t) + P(k, t) [18], where D =
∑2
λ=1Dλekλ
is the displacement field and E = −A˙ − kˆ(kˆ·P)
ε0
is the Fourier transform of
the electric field. Also the Heisenberg equation for Dλ, λ = 1, 2 give us the
Maxwell equation D˙(k, t) = ik × H(k, t) in the reciprocal space , where
H = ik×A
µ0
−M is the magnetic induction field [18].
5 The constitutive relations of the medium
One can obtain the constitutive relations of the nonlinear magnetodielectric
medium using the definitions of polarization and magnetization densities of
the medium given by (12),(13) and the Heisenberg equations for the dynami-
cal variables Xωλ(k, t), Y ωλ(k, t), λ = 1, 2, 3. Straightforwardly, one can show
that the combination of the Heisenberg equations of the conjugate variables
Xωλ(k, t), Qωλ(k, t), λ = 1, 2, 3 leads to the following equation of motion for
the components of the field X(k, t)

































∗j (k1, t) + ...
(22)
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where the completeness relation
∑3
λ=1 ekλiekλj = δij has been used , three
points ... indicate the terms containing the coupling tensors more than the
third rank and E = −A˙ − kˆ(kˆ·P)
ε0
is the Fourier transform of the electric
field. Similarly the combination of the Heisenberg equations of the conjugate
variables Y ωλ,Πωλ, λ = 1, 2, 3 give us
Y¨ ωi(k, t) + ω
































∗j (k1, t) + ...
(23)
where B(k, t) = ik×A(k, t) is the Fourier transform of the magnetic field. In

















The differential equations (22) and (23) are two frames of the
complicated nonlinear coupled differential equations. The solution of these
equations exactly is impossible unless an iteration method is used. One may
apply the first order approximation and keep only the first term in the right
hand of the equations (22) and (23) and write the solutions of the differential
equations (22)and (23) as




























whereXNω(k, t) andYNω(k, t) are the solutions of the homogenous equations
X¨Nω(k, t) + ω
2XNω(k, t) = 0
Y¨Nω(k, t) + ω
2YNω(k, t) = 0 (26)
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where the operators bλ(ω,k), b
†
λ(ω,k) and dλ(ω,k), d
†










′,k′)] = δλλ′δ(ω − ω
′)δ(k− k′) (28)
in compatible to the commutation relations (19).
Now substituting Xω(k, t) from (24) in (12) and Yω(k, t) from (25) in (13)
give us the constitutive relations of the nonlinear anisotropic magnetodielec-
tric medium as


















































where the tensors χn and ζn for n = 1, 2, ... are respectively the electric and
magnetic susceptibility tensors and define in terms of the coupling tensors
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where Θ(t) is the step function and over the repeated indices j1, j2, ...jn should
be summed. There are some symmetry conditions that the electric and mag-
netic susceptibility tensors of various rank should satisfy.The tensors χ(n) and

















(t1, t2, ..., tβ, ..., tα, ..., tn,k,k1,k2, ...,kβ, ...,kα, ...,kn)
(34)
From the definitions (31) and (32) it is clear that the symmetry relations
(33) and (34) are satisfied provided that we impose the conditions
f (n)
ij1j2...jα...jβ...jn
(ω1, ω2, ..., ωα, ..., ωβ, ..., ωn,k,k1,k2, ...,kα, ...,kβ, ...,kn)
= f (n)
ij1j2...jβ...jα...jn





(ω1, ω2, ..., ωα, ..., ωβ, ..., ωn,k,k1,k2, ...,kα, ...,kβ, ...,kn)
= g(n)
ij1j2...jβ...jα...jn
(ω1, ω2, ..., ωβ, ..., ωα, ..., ωn,k,k1,k2, ...,kβ, ...,kα, ...,kn)
(36)
on the coupling tensors f (n) and g(n) for n = 2, 3, ....
In constitutive relations (29) and (30) PN(k, t) and MN (k, t) are the noise
polarization and magnetization fields, respectively, where their components









































































































































where the symmetry conditions (35) and (36) have been used , the sum-
mation should be done on the repeated indices and and the three points ...
indicate the terms containing the coupling tensors more than the third rank.
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6 The time dependence of the electric and
magnetic field










then, using this relation and similar transformations for the other fields and
combination of the Maxwell equations ik×E(k, t) = B˙(k, t), D˙(k, t) = ik×
H(k, t) give us
k× k× E˜(k, ω) +
ω2
c2
E˜(k, ω) = −µ0ω
2P˜(k, ω)− µ0ωk× M˜(k, ω) (40)
for the electric field in frequency domain where P˜(k, ω) and M˜(k, ω) are
the temporal Fourier transforms of P(k, t) and M(k, t), respectively. Now
substituting P˜(k, ω) and M˜(k, ω), using the constitutive relations (29) and
(30), in (40) leads to the integral equation


















































(ω1, ω − ω1,k,k1,k2)
×
(k1 × E˜(k1, ω1))i1
−ω1
(k2 × E˜(k2, ω − ω1))i2
−(ω − ω1)
]
+ ... = J˜ i(k, ω) (41)
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for the electric field where the Maxwell equation ik × E(k, t) = B˙(k, t) has
been used, ǫijk is three dimensional levi-Civita symbol and
Λii1(k, ω) = ǫijmǫmni1kjkn +
ω2
c2
J˜ i(k, ω) = −µ0ω
2P˜Ni(k, ω)− µ0ωǫijlkjM˜Nl(k, ω)
(42)
In integral equation (41) χ˜(n), ζ˜ (n), n = 1, 2, ... are the temporal Fourier trans-





















(ω1, ω2, ..., ωn,k1,k2, ...,kn)e
iω1t1+iω2t2+...iωntn ]
(43)
and ζ˜ (n) is defined in a similar way.
The equation (41) is an integral equation with kerenels χ˜(n) and ζ˜ (n) and the
source term J˜(k, ω). As well, from the definitions of the noise polarization
and magnetization densities given by (37) and(38), it is seen that the source
term J˜(k, ω) is dependent on the electric and magnetic fields. The integral
equations such as (41) can be solved by an iteration method[22]. In the
zero order approximation we neglect the integrals in the left hand of the
equation(41) and write the components of the electric field E˜(k, ω) as follows
E˜
(0)




j (k, ω) (44)
where J˜
(0)
(k, ω) is the source term J˜(k, ω) given by (42) from which the terms
containing the electric and magnetic fields have been eliminated. Therefore
in the zero order approximation the time dependence of the electric and

























In n,th order approximation the components of the temporal Fourier trans-














































































ij (k, ω)ǫjj1j2kj1 ζ˜
(2)
j2i1i2














j (k, ω) (46)
where the three points ...indicate the terms containing the electric and mag-
netic susceptibility tensors more than the third rank and the components of
J˜
(n−1)
(k, ω) are defined as
J˜
(n−1)
i (k, ω) = −µ0ω
2P˜
(n−1)
Ni (k, ω)− µ0ωǫijlkjM˜
(n−1)
Nl (k, ω) (47)
and P˜
(n−1)
N (k, ω) and M˜
(n−1)
N (k, ω) are the temporal Fourier transforms of the
noise polarization and magnetization fields given by (37) and (38) in which
the electric and magnetic fields E(n−1)(k, t),B(n−1)(k, t) are inserted in those
terms of PN(k, t),MN(k, t) that are dependent on the electric and magnetic
fields.
7 Conclusion
By introducing a Lagrangian for the total system , that is the nonlinear
anisotropic magnetodielectric medium plus the electromagnetic field, a canon-
18
ical quantization was introduced for both the medium and the electromag-
netic field. The coupling tensors appeared in the Lagrangian of the total
system had a crucial role in this quantization scheme. So that the electric
and magnetic polarization fields could be written in terms of the coupling
tensors and the space dependent three dimensional harmonic oscillators mod-
eling the medium. As well the electric and magnetic susceptibility tensors
of the medium were obtained in terms of the coupling tensors. Also the
constitutive relations of the magnetodielectric medium successfully could be
obtained using the Heisenberg equations of the harmonic oscillators modeling
the medium.
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